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Abstract 

The time operator canonically conjugated to the Hamiltonian of N 
interacting particles on the hne is constructed using SU (1,1) as a dynam- 
ical symmetry. This hidden conformal symmetry enables us to make a 
group theoretic analysis of the time operator in terms of SU{1, 1) gener- 
ators. At distances very far from the interacting region the time operator 
is represented as a generalization of the quantum time-of-arrival operator. 

PACS numbers: 03.65.Nk 05.30.Pr 05.45.Yv 

The question whether time is a quantum mechanical observable or not can 
be formally posed as a question if there exits some operator conjugated to the 
Hamiltonian [1]. If the Hamiltonian describes a complicated quantum system, 
such as an A^-body system with the interaction between particles, we expect that 
the conjugate time operator, having dimension of time, will be an observable of 
the system providing additional complementary information. We shall explicitly 
construct the time operator for a given A^-particle system and show some of its 
properties. 

In this letter we study a nonrelativistic many-body system in one dimension 
with the scale-invariant potential [2]. Such a system possesses additional 
invariance: the overall time can be arbitrarily reparametrized [3]. This is a 
symmetry of the action and not of the Lagrangian itself. These transformations 
are: time translation leading to energy conservation with the Hamiltonian as 
the generator, time dilatations, and time special conformal transformations. 

We investigate a system of A^ particles on the line interacting with the 
potential proportional to the inverse-square distance. A proper treatment of 
the model is in the center-of-mass system owing to translational invariance. If 
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we are not treating in the CM, the difference is of the order and is vanishing 
in the large- iV hmit. The Hamiltonian is of the Calogero-Moser [4] type 

^f.« = iEp? + ^E7^^. (1) 

where Xi, i — 1,2, • • • N represents a particle coordinate and the dimension- 
less coupling constant g = A(A — 1) is parametrized in terms of the statistical 
parameter A, and h,m = 1. Introducing completely translationally invariant 
variables [5] 

1 1 ^ 

= Xi - X, d^.^j = Sij-—, X=—Y.^i^ (2) 

we can separate the center-of-mass degrees of freedom. The wave function 
of the problem (1) will contain the Jastrow factor, therefore it is convenient to 
perform a similarity transformation of the Hamiltonian into 

N N ^ ^ \ ^ ^ 

n(a;. - x,)-\-hcm) \[{x, - = - E + 9 E - (3) 

i<j i<j ^ i=l ^ i^j ^» 

Eliminating the center-of-mass degrees of freedom, we obtain the generator 

[6] 

r+ = ^E5| + ^E7:37:(^^^-%)' (4) 

and the generators of scale and special conformal invariance are, respectively, 

1 N 1 1 JV 

7^o = -^(Eei% + ^o-^), T_ = -EC^ (5) 
^1=1 ^ ^ i=i 

Using (2), we can verify that 

[T+,T_] = -2To, [To,T±]=±T±. (6) 
This is the usual SU(1,1) conformal algebra with the Casimir operator 

C' = T+T_-To(To-l). (7) 

In the definition of the operator Tq the constant Eq is Eq = ^N{N — 1) -|- y 
for consistency reasons, and —1/2 appears after the center-of-mass degrees of 
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freedom are removed This is the difference between our treatment and that in 
[7]. 

1. Coherent state solution.\Jsvag the estabhshed representation of the su{l, 1) 
algebra, we show that the Calogero solutions are completely determined assum- 
ing that the zero-energy solutions are known [2]: 

where iim = —^{iti + Eq — ^). Calogero has proved that the zero-energy 
solutions Pm are scale- and translationally invariant homogeneous multivari- 
able polynomials of degree m, written in the center-of-mass variables. Let us 
assume that nonzero energy states of the operator are obtained by applying 
a function of the generators [6] to the ground state: 

^(T_, To, T+)P^ = J2 Cp^nT^nTlP^ = ^m{T-)Pm. (9) 

p,q,n 

^jn{T-) will be determined from the eigenvalue equation 

-T+^„(T_)P„ = E<i!m{T-)Pm. (10) 
Using Eq. (6) we can derive the formula 

[T+, /(T__)] = T_r (T_) - 2/'(T_)To (11) 

and from (10) and (11) we obtain the Calogero solution (in his notation, 
p = V2E, = 2T_) 



^m,E{T-)Pm ~ rl^-"^-^°+'/'^/'2„.+^o-3/2(2y^)P^. (12) 

By expanding the Bessel function Z in (12) with the repeated use of the 
formula 

rpn 1 ^ 1 rpn /^3N 

--To-i^ + n -To-// ^ ^ 

together with (8), we finally obtain 

^mAT-)Pm - e^'^Pm, (14) 

where 

f^T_ ~^ , (15) 
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and He = {—I + y I — AC)/ 2 is the positive root of the Casimir eigenvalue 
and C is the Casimir operator [7]. 

We have shown that the Calogero solution (8) in the operator form (14) is 
a generalized Barut-Girardello coherent state [8] where the Hamiltonian (— T+ 
up to similarity transformation) plays the role of the annihilation operator and 
T the role of the creation operator with the commutation relation 

[T+,if]=i. (16) 

2. Eigenstates of time operator. It can be verified that the eigenstates of T 

ifiPt = tiPt (17) 



are of the form 

where Q satisfies 

A possible choice of Q is 



A = e^^-g, (18) 
ToQ = -{fic + l)Q. (19) 



Q„ oc (20) 



with (3 = 2iim + 1- Eigenstates of time operator belong to different repre- 
sentation. 

We have used SO{2,l) ~ SU{1,1) symmetry to solve the problem of N 
particles with an inverse-square potential. The conformally invariant Hamil- 
tonian has a continuous spectrum and is bounded from below, but its lowest 
eigenstate, zero energy state, is not normalizable. This is a refiection of the 
infrared problem present when there is no scale in the problem. 

3. Infrared problem. An elegant way to solve this problem was proposed by 
de Alfaro, Fubini, and Furlan [3] when solving a one-dimensional field theory 
model. The idea was to diagonalize a compact operator, conformally noninvari- 
ant, which in our case is 

i? = ^(-ir+ + u;r_) (21) 

instead of the original Hamiltonian T+. Owing to time reparametrization, 
it can be shown that only the generator R could lead to time evolution laws 
which are acceptable. In the limit a; — > 0, we expect a connection with the Hcm 
problem. 
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In order to diagonalize R, in accordance with [3] we introduce appropriate 
raising and lowering operators 

L^^h-T++uT_)±To, (22) 

z UJ 

which satisfy the so(2, 1) algebra: 

[i?,L±] = ±L±, [L+,L_]^-2R. (23) 

In terms of the L± operators, we can diagonalize Lq — R and find the time 
operator conjugated to R. The vacuum states are now redefined Pm states (8) 

|0,//^>=e'^^-P^, (24) 

such that L_|0,/Xr„ >= and LolOj/i^ >= — /^mlOj/im > ■ 

The diagonahzation of Lq in terms of the T_ operator is given by 

LoL;2'^--^(2u;T_)|0,/x^ >= (n - /x„)L;2/^™-i(2u;T_)|0, /x^ >, (25) 

where I/^(-) denotes a Laguerre polynomial. In terms of L_|_, solutions are 

LQL\\Q,^ra>= {n- llm)L1\Q,flm> ■ (26) 

The time operator canonically conjugated io Lq = R can be determined 
from the equation 

[Lo,/(L±)] = ±L±/'(L±). (27) 

We find 

Tr = c+ZnL+ + c^lnL_ + ^(Lo), (28) 

where g{Lo) is an arbitrary function of Lq, and c+ — c_ = 1. 

Conclusion. The property of conformal invariance is used to construct the 
time operator in terms of the generators of the conformal group. For an A^- 
particle system the generators of the conformal group are collective variables, 
emphasizing the overall properties of the system. The time operator originated 
when we constructed the algebraic solution of the Schroedinger equation. This 
is represented by the Barut-Girardello coherent state which diagonalized the 
Hamiltonian. The time operator plays the role of a creation operator for the 
excitations and is the energy-shift operator in the system. For large distances 
Xi or large momenta pi, from (15) we can show that the time operator assumes 
the form of a generalized collective "time-of-arrival" operator, which, for the 
N = 2 case, coincides with the known case. In spite of its collective character, 
the time operator docs not commute with a single-particle coordinate Xi or with 
particle momenta Pi, and represents a nontrivial case of time noncommutative 
theory. 
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